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ABSTRACT. In this paper we introduce the notions of n-fold Br-Smarandache 
positive implicateve filter and n-fold Br-Smarandache implicateve fil- 

ter in Smarandache residuated lattices and study the relations among 
them. And we also introduce the notions of n-fold Smarandache posi- 

tive implicateve By-residuated lattice, n-fold Smarandache implicateve 
Br,-residuated lattice and investigate its properties. 
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1. Introduction 


BL-algebras (basic logic algebras) are the algebraic structures for Hajek 
basic logic [3], in order to investigate many valued logic by algebraic means. 
Residuated lattices play an important role in the study of fuzzy logic and fil- 
ters are basic concepts in residuated lattices and other algebraic structures. 
A Smarandache structure on a set DL means a weak structure W on L such 
that there exists a proper subset B of L which is embedded with a strong 
structure S. In [9], Vasantha Kandasamy studied the concept of Smaran- 
dache groupoids, subgroupoids, ideal of groupoids and strong Bol groupoids 
and obtained many interesting results about them. It will be very interesting 
to study the Smarandache structure in these algebraic structures. A BL- 
algebra is a weaker structure than residuated lattice, then we can consider 
in any residuated lattice a weaker structure as BL-algebra. 

The concept of Smarandache residuated lattice, Smarandache (positive) 
implicative filters and Smarandache fantastic filters defined in [1]. In [4, 8] 
the authors defined the notion of n-fold (positive) implicative filters, n- 
fold fantastic filters, n-fold obstinate filters in BL-algebras and studied the 
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relation among many type of n-fold filters in BL-algebra. The aim of this 
paper is to extend this research to Smarandache residuated lattices. 


2. Preliminaries 


[2] A residuated lattice is an algebra L = (L,A,V,©,—,0,1) of type 
(2,2,2,2,0,0) equipped with an order < satisfying the following: 

(LR;) (L,/A,V,0,1) is a bounded lattice, 

(LR2) (L,©,1) is a commutative ordered monoid, 

(LR3) © and — form an adjoint pair i.e, c < a > bif and only ifaOc < b 
for all a,b,c € L. 

A BL-algebra is a residuated lattice L if satisfying the following identity, 
for all a,b € L: 

(BL,) (a— b) V(b a) = 1, 

(BL2) aAb=aO(a- Bb). 


Theorem 2.1. [2, 5, 6, 7] Let L be a residuated lattice. Then the following 
properties hold, for all x,y,z € L: 
(m)loxgz=2,0-2=1, 
(irz)asys(z>2) > (z>y) Sz (ey), 
(irs) > y < (y > 2) > (@ > 2) and (t@ > y) O(Y¥> 2) S Uz, 
(ra) asyouoy=l,e<y—d, 
(irs) > (y> 2) =y > (@ > 2) = (OY) > %, 
(Irg) cO (xy) Sy, eS y— (Oy) andy < (y> 2) >, 
(ir7) Ife <y, theny>z<42z,274< zy andy* <2", 
(irg)x<yandz<wthenzOz<yOu, 
(lrg) r< x ott = x, 
(Irio) e* Oy" < (cOy)* (so, (x*)” < (w")* for every n = 1), 
(rin) a Oy™ < (a Oy)™ (so, (2"")" < (2) for every n> 1). 


The following definitions and theorems are stated from [1]. 

A Smarandache Br-residuated lattice is a residuated lattice L in which 
there exists a proper subset B of DL such that: 

(1) 0,1 € B and |B| > 2, 

(2) B is a BL- algebra under the operations of L. 

From now on Lg = (L,/A,V,©,—,0,1) is a Smarandache By-residuated 
lattice and B = (B,A,V,©,—,0,1) is a BL- algebra unless otherwise spec- 
ified. 


Definition 2.2. A nonempty subset F' of Dg is called a 

(i) Smarandache deductive system of Lg related to B (or briefly Br- 
Smarandache deductive system of Lp) if it satisfies: 

(DB) 1€ F, 

(DB2) Ifee F,y€ Bandz— ye F then ye F. 

(ii) Smarandache filter of Lg related to B (or briefly By-Smarandache 
filter of Lg) if satisfies: 

(FB) ifz,y € F, then rOye F, 
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(FB) ifee F,ye¢ Bandar<y, then ye F. 


Theorem 2.3. (i) Let F be a By-Smarandache filter of Lg, then F is a 
B,-Smarandache deductive system of Lp. 

(ii) Let F be a By-Smarandache deductive system of Lg. If F C B, then 
F is a Br-Smarandache filter of Lg. 


Definition 2.4. Let F be a subset of Lp andl € F. 


* F is called a Smarandache implicative filter of Lg related to B (or 
briefly By-Smarandache implicative filter of Dg) if z€ F,2,yEe B 
and z > ((sx > y) > «) € F, then ce F, 

* F is called a Smarandache positive implicative filter of Dg related 
to B (or briefly By-Smarandache positive implicative filter of Lg) if 
v,y,z€B,z->(«#—->y)€ Fandz-2€ F,then z>ye F. 


Now, unless mentioned otherwise, n > 1 will be an integer. 


3. n-Fold B,-Smarandache (Positive) Implicative Filters 


Definition 3.1. A subset F’ of Dg is called an n-fold Smarandache posi- 
tive implicative filter of Lg related to B (or briefly n-fold By-Smarandache 
positive implicative filter of Lp) if it satisfies in the following conditions: 
(i) LEP, 
(ii) for all x,y,z € B, if a” — (y— z) € F and 2” > ye F, then 
e—32zeF. 


Example 3.2. Let L = {0,a,b,c,d,1} be a residuated lattice such that 
O0<a<c<d<land0<b<c<d< 1. We define 


rFaocea ofl 
CSCOa a AO FO 
a oO FO Fo 
QrerererR eH A, 
Re 
Faa eta oO] 
OSes -S.OVre 
Serocodse 
aacqcoods. 
a aQa0nrg TC]2 


geagaaoo0oqoors 


geegeaonrerels 
AO FFF EHIO 


We can see that DL = (L,A,V,©,—,0,1) is a residuated lattice, in which 
B = {0,a,c,1} is a BL-algebra which properly contained in L. Then 
L is a Smarandache Br-residuated lattice. F = {d,1} is an n-fold Br;- 
Smarandache positive implicative filter of Lg, for n > 2. But F is not 1-fold 
By,-Smarandache positive implicative filter, since a —~ (a > a?) =1EF 
anda—-a=1€ F, whilea— a? =c¢ F. 


Theorem 3.3. n-fold Bp-Smarandache positive implicative filters are By- 
Smarandache deductive systems. 


FPaaerse OL 
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Proof. Let F be an n-fold By-Smarandache positive implicative filter of Dp. 
Suppose z € B, such that y,y > z € F. We have 1” > y,1" > (yz) € 
F, these imply z = 1" — z € F.. Hence F is a By-Smarandache deductive 
system of Lp. 


Theorem 3.4. Let F be a By-Smarandache deductive system of Lp. Then 
for all x,y,z € B, the following conditions are equivalent: 

(i) F is an n-fold By-Smarandache positive implicative filter of Lp, 

(ii) a” — 2” € F, for alln € N, 

(itt) if a+ 4 y CF, then 2” — y € F, for alln€ N, 

(iv) if x” > (y > z) € F, then (a” > y) — (a" — z) © F, for allne N, 

(v) Aq = {b € B: a" > bE F} is a Br-Smarandache deductive system 
of Lp, for anyae B. 


Proof. (i) = (ii) We have 2” > (2? = 27") = 2” © a” 3 go = g _, 
ve" =1€ Fand 2” > 2” =1€ F. Since F is an n-fold Br-Smarandache 
positive implicative filter of Lp, we get x” > 2?" € F. 

(ii) => (4) Let 2” — (y — z) € F and x” > y ©€ F. By Theorem 2.1 
we have 2” © (a2” > (y > z)) <y— z and £” © (a” > y) < y. Hence by 
(irg), (2" © (a > (y > z))) O(a" © (a™ > y)) S yO (y — Zz). Then by 
(Irg), we have (a” — (y — z)) © (a2" = y) © 2?” < z. So by (LR3), we get 
(2” — (y > z)) O(a” > y) < 2” > z, (I. Since x" — (y > z) € F and 
x” — y € F, then we get (2” > (y — z)) © (x” — y) € F. Hence by (I) 
we get 2°" > z € F. By Theorem 2.1, we have x" — 2?" < (4" = z) > 
(x” — z). So by hypothesis we get (x?” — z) — (x” — z) € F. Then by 
the fact that 2?” — z € F, we obtain 2” — z € F. Therefore F is an n-fold 
By-Smarandache positive implicative filter of Dp. 

(i) > (iit) By Theorem 2.1 we have 2” > (2 > y) = 2"t! = y € F and 
x" + x2=1€ F. So by (2) we get a®@ ye F. 

(ii) => (47) We have x™t! = (2%! = x") = 2” = g*"” =1 6 F. From 
this and the fact that (iii) holds, we also have x” — (a”~! = 2”) € F. 
But 2271 — (2"—-? = 2") = a” = (2! = 2") € F. From this and the 
fact that (iii) holds, we have x” — (x"~? — x?”") € F. By repeating the 
process n times, we get x” = (2"—-" 3 2°") = 9" 4 a € F, 

(ii) = (iv) Assume that x” — (y > z) € F. By Theorem 2.1 we have 
yr2z<(a" > y) — (a" > z) and 


g* (yor) < 2? > ((a® > y) > (2” > 2)); 
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n+ y) — (a” — z)) € F. Then by (it) we get 
(a” + y) + (a 4 2) EF. 

(iv) > (41) Since 2” — (2? — 22") = 2?” — 2?” = 1 € F, by (iv) we 
have (2” > 2") 3 (a®” =a) e€ Fiie. c? 3 2 € F. 

(1) = (v) Let F be an n-fold By-Smarandache positive implicative filter 
of Lp. Since a” +> 1=1 € F, we have 1 € Ag. Let x,4 — y € Ag. Then 
a” + x € F and a" > (x > y) € F. Since F is an n-fold By-Smarandache 
positive implicative filter of Dp, a” — y € F, hence y € Ag. Therefore A, 
is a By-Smarandache deductive system of Lp. 

(v) => (¢) Let x,y,z € B, such that x” — (y > z)€ Fand a" > ye F. 
We get y,y — z € Az, by the hypothesis A, is a By-Smarandache deductive 
system of Dp, so z € Ay, hence x” > z € F. Therefore F is an n-fold Br- 
Smarandache positive implicative filter of Dp . 


mr 


Proposition 3.5. Any n-fold B,-Smarandache positive implicative filter is 
an (n+ 1)-fold By-Smarandache positive implicative filter. 


Proof. Let F be an n-fold By-Smarandache positive implicative filter. Let 
z,y € B such that 2"t? — y € F. By Theorem 2.1, 2"*! > (2 — y) = 
gt? _,y € F. Since F is an n-fold By-Smarandache positive implicative 
filter and 2"*+! = x =1€ F we get «”+! — y € F. Therefore by Theorem 
3.4 ((di7) = (2)), F is an (n + 1)-fold By-Smarandache positive implicative 
filter. 


Theorem 3.6. Let F and G be By-Smarandache deductive systems of Lp 
such that F C G. If F is an n-fold By-Smarandache positive implicative 
filter, then G is an n-fold By-Smarandache positive implicative filter. 


Proof. By Theorem 3.4 ((7i) = (i)), the proof is clear. 


Definition 3.7. An n-fold Smarandache positive implicative By-residuated 
lattice Lp is a Smarandache Br-residuated lattice which x”t! = x” for all 
xe B. 


Example 3.8. (i) Let L = {0,a,b,c,d,1} be a residuated lattice such that 
0<b<a<land0<d<a,c< 1. We define 


ClQa fk HO 
SONR0a Tek eR 
cooocrce oo 
oonoca]a 
oooooo|o 
oaacea He] | 
i etl ee ee eed 
Fawr e to 
FPrFeaaoe ae 


ePrPeaQre-sis 
FPrRrEQ 0 alo 


Soon TT 8/8 
SonQ0 OA0/0 


Pa TFTA Ado 
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Then (L, A, V,©,—, 0, 1) is a residuated lattice, in which B = {0, b,c, 1} is 
a BL-algebra which properly contained in L. Then L is a Smarandache Bry- 
residuated lattice. Clearly LZ is an n-fold Smarandache positive implicative 
Br-residuated lattice. 

(ii) Consider the Smarandache Br-residuated lattice L in Example 3.2. 
Lg is not a 1-fold Smarandache positive implicative By-residuated lattice, 
since a € B and 0=a!t! £al. 


Corollary 3.9. Let Lp be an n-fold Smarandache positive implicative By - 
residuated lattice. The following conditions are equivalent: 

(i) F is an n-fold By-Smarandache positive implicative filter, 

(ii) F is a By-Smarandache deductive system. 


Proof. (i) = (ii) By Theorem 3.3, the proof is clear. 
(ii) > (2) By Definition 3.7 and Theorem 3.4 ((izi) = (7)), the proof is 
clear. 


Theorem 3.10. Let F be a By-Smarandache deductive system of Lp. The 
following conditions are equivalent: 
(i) Lp is ann-fold Smarandache positive implicative By, -residuated lattice, 
(it) every By-Smarandache deductive system of Lg is an n-fold Br- 
Smarandache positive implicative filter of Lp, 
(itt) {1} is an n-fold By-Smarandache positive implicative filter of Lp, 
(iv) 2” = 27”, for allx € B. 


Proof. (i) = (ii) Follows from Corollary 3.9. 

(ti) => (ait) It is clear. 

(ii7) = (tv) Assume that {1} is an n-fold By-Smarandache positive im- 
plicative filter of Lg. So from Theorem 3.4, we have 2” — x?” = 1, for all 
x € B. Then by Theorem 2.1, 2” = x?” for all x € B. 

(iv) => (i) Let 2” = x”, for all e € B. Then 2” > 2?” = 1 € {1}, for 
all « € B. Then by Theorem 3.4, {1} is an n-fold Br-Smarandache positive 
implicative filter of Dg. Since x” — (2” — 2”*1) = 2" — g™1=1€ {1} 
and x” > 2” = 1 & {1}, we get 2” — 21 € {1}, that is 2771 = 2”, 
for all x € B. Therefore Lg is an n-fold Smarandache positive implicative 
Br-residuated lattice. 


Corollary 3.11. Let F be a proper By-Smarandache deductive system of 
Lg. Then the following statements are equivalent: 

(i) F is an n-fold By-Smarandache positive implicative filter (in short 
n-fold By-SPIF). 

(ii) Lp/F is an n-fold Smarandache positive By/p-residuated lattice (in 
short n-fold By;p-SPRL). 
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Proof. Let F be a By-Smarandache deductive system of Lg. By Theorems 
3.4 and 3.10 we get: 


F is an n-fold By-SPIF © 2” >a" ce F V«reB, 

(2” > 2") /F =1/F, V 2/F € B/F, 
(2/F)" — (2/F)" =1/F, V «/F € B/F, 
(2/F)" < (2/F)", V 2/F € B/F, 
(2/F)" = (2/F)", V 2/F € B/F, 

Lp/F is an n-fold By/p-SPIRL. 


t~t2e¢ty 


Definition 3.12. A subset F' of Lg is called an n-fold Smarandache implica- 
tive filter of Lg related to B (or briefly n-fold By-Smarandache implicative 
filter of Lg) if it satisfies in the following conditions: 

(i) LEP, 

(ii) For ally,z€ Band we F,ifa— ((y" > z) oy) € F thenye F. 


Example 3.13. (i) In Example 3.2, F = {d,1} is an n-fold By-Smarandache 
implicative filter, for n > 2. 

(ii) Let L = {0,a,b,c,1} be a residuated lattice such that a,b,c are in- 
comparable. We define 


Fowea of] 
Orta OFS 
AarFA SFA 
Fase OO 
O1o7O: OO] O 
Sacra Oe 
aaaa qa 
Fame O]Y 


SOR CHS 
PrPQe HL 
oo 0 82 OS 


ga rQrr/ Sa 


We can see that L = (L,A,V,©,—,0,1) is a residuated lattice, in which 
B = {0,a,1} is a BL-algebra which properly contained in L. Then L is 
a Smarandache Br-residuated lattice. F = {b,1} is not an n-fold Br- 
Smarandache implicative filter, since b,b — ((a” — 0) — a) = 1 € F but 
a¢ F, (0,a€ B). 


Theorem 3.14. Every n-fold By-Smarandache implicative filter is a By- 
Smarandache deductive system. 


Proof. Let F be an n-fold Br-Smarandache implicative filter of Dg. Let 
cxéeF,yeBandztoye F. We have z— ((y*- 1) py) =e oye F. 
Since Fis an n-fold By-Smarandache implicative filter and x € F, we get 
y € F. So F is a By-Smarandache deductive system of Lp. 


Theorem 3.15. The following conditions are equivalent for By-Smarandache 
deductive system F of Lg. 
(i) F is an n-fold By-Smarandache implicative filter, 
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(it) for all z,y € B, (x«” > y) > @ € F implies x € F, 
(wi) for alla € B, (a”)* > 2 € F implies x € F, 
(iv) for alla € B, eV (a")* € F. 


Proof. (2) = (it) and (zi) = (diz) are clear, by Definition 3.12. 

(tit) > (4) Suppose that « > ((y" — z) — y) € Fand az € F. Then 
(y” > z) > y € F. By Theorem 2.1 we have 0 < z then y” ~0< y” > z 
and so (y" > z) >= y < (y” > 0) > y. Hence (y” — 0) > y € F.. We apply 
the hypothesis and obtain y € F’. Therefore F is an n-fold By-Smarandache 
implicative filter. 

(iit) = (tv) We know x < x V (x”)*, then x” < (a V (a”)*)” and then 
(a V (x”)*)")* < (a")* < (a")* V x. Hence ((x Vv (2")*)")* — (@ Vv (2")*) = 
1 ¢€ F. Hence by (tiz) we get x V (a")* € F. 

(iv) => (dit) Assume that for all x € B, («”")* — a € F. By Theorem 2.1 
we have x V (x")* < ((a")* > x) > x so by (iv), ((2")* — x) > a € F. By 


using the fact that (2")* — 2 € F, we get rE F. 


Theorem 3.16. Let F be an n-fold By-Smarandache implicative filter of 
Lg. Then (2” > y) > y € F implies (y > x) — w € F, for all z,y € B. 


Proof. Let F' be an n-fold By-Smarandache implicative filter and (2” — 
y) > y € F. We have x < (y — x) — « then by Theorem 2.1 we get 
x" <((y> 2) > 2)", foralln €e N. Andso ((y> 2) 3 2)" Sy <a> y. 
So we have 


IA 
— 
< 
8 
be 
a 
—— 
8 
3 
< 
~" 
< 
" 


(2">y)>y 


= (2 >y) > (Y>2)> 2) 
< (iy 2) > 2))"> y) > (y¥> a) > 2). 
Thus ([((y > x) > )|" > y) > ((y > x) > a) € F. By the fact that F is 


an n-fold By-Smarandache implicative filter of Lg, we get (y > rz) > rE 
F, 


By Theorem 3.15 ((z) = (iv)) we have the following theorem. 


Theorem 3.17. Let F and G be two By-Smarandache deductive systems 
of Lp such that F CG. If F is an n-fold By-Smarandache implicative filter 
of Lp, then so is G. 


Theorem 3.18. Let every Smarandache deductive system be a Smarandache 
filter. Then every n-fold Smarandache implicative filter is n-fold Smaran- 
dache positive implicative filter. 


Proof. Let F be an n-fold By-Smarandache implicative filter of Dg and 
xt! —, y € F, where x,y € B. By Theorem 2.1 we have the following 
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(a sy)? > (@® sy) = (0 3 yl" 0 (a! 5 y)) 3 (2 > y) 

= (2 sy) 5 (a 3 y) 3 (2 > y) 

= (et yy) 3 (eS y) 3 (a  (@ > y)) 

= ((a yy) 3 (1 5 (24 5 y) 3 (2 > y)) 

= (ay) 3 1 5 (2 > (2" >) > (@ Fy). 
So (a+? y)" — (a > y) = (a? > y)") 3 (@™1 5 ((a 3 (@" > 
y)) — (@ > y))). (I) We have (2 + y) + y < ((@ > (e" + y)) > (> 
y)). By (Irz) we get ((a™#! s y)"1) = (a? — ((e" s y) > y)) < 
((antt — yl) S (a! (n> (as y)) > (2 > y))). So by (D 
we have ((2"*1 — y)"1) — (a1 ((2" + y) > y)) < (a4? sy)? 5 


(a” — y). (II) By Theorem 2.1 we have 

(a4 = yy) 5 Gat (2 5 
(2? > y)®*) = ((2" > y) > (2) > y)) = 
(Sy) ae sg)? 
) 


Hence by (II) we obtain (2” — y) > ((a 
(atl _, y)” — (a2 — y). (II) We have 


= (2 


(oe _ y) ®© (gtr 4 y)r} © grt = 
(2® > y) O(a"? 5 yO a" Sy) O2"* Or= 
(2” > y) O(a"?  y)”? Oa" Ox (a™*?  y). (IV) 
Also we have x © (2"*1 = y) = 20 (a — (2” — y)) < 2” = y. Therefore 
by (IV) we obtain (2” — y) © (471 = y)""-2 © 2"72 ©2O (a™*! Sy) < 
(2™ > y) © (a®*1 = y)?-2 © 2"? © (a” — y). So we have 

(2" +9) 0 ("#1 wy)" Oa" < (a" 4 yO (2 4 y)? Oa"?, 
Then by (Ir7) we get ((2” = y)? © (a"*1 = y)™-2 Oa?) sy < ((a° 
y)! © (a*t} = y)™"1 © a™!) = y. So by (Irs) we obtain 
(eS gow Say") a ea) (GS yor Sy) = 
(2"—! — y). Thus by (Irs) we get (2” > y)? — ((2771 3 y)*"? = (g”? = 
y)) S$ (a > y) > ((a4" = y)” 1 = (at — y)). So by (IIT) we have 
(oP Sag) ee age? ei Sey) (Gee gy ee ag) 


(aot! — y)” — (a™ > y). Hence (2" > y)" + y < (2"* 
y). Then ((x” > y)” = y) 1 
(irs), we have (x"*! — y)" = (((e” + y)" + y) > (@" + y) =1€ F, 
(V). Since x"t! — y € F and F is a By,-Smarandache filter, we have 
(g0'> <5)" EF By (V), we have-((0" 4:9)" <4 9) (ey) © BF, 
Then by Theorem 3.15 ((i) = (i7)), we get x” — y € F and so by Theorem 
3.4, F is an n-fold By-Smarandache positive implicative filter. 


By repeating n times, we obtain (x” > y)" > ((a"t1 — y)° > (#° — y)) < 
(etl _, y\? — (2 — y). This implies (x” > y)" — (1 3 (1 y)) < 
re y)” 5 (a 


— ((e"t? + y)? — (a® > y)) = 


n 
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In the following example we show that the converse of Theorem 3.18 is 
not true in general. 


Example 3.19. In Example 3.13 (zi), F = {b, 1} is an n-fold By-Smarandache 
positive implicative filter, while it is not an n-fold By-Smarandache implica- 
tive filter. 


Proposition 3.20. Every n-fold By-Smarandache implicative filter is an 
(n+ 1)-fold By-Smarandache implicative filter. 


Proof. Let F be an n-fold By-Smarandache implicative filter of Dg and 
(2*1)* — 2 € F, where « € B. By Theorem 2.1, (2”)* < (a"*1)* then 
(g?*1\* = g < (x2”)* — x. Then we get (z")* — x € F. Since F is 
an n-fold By-Smarandache implicative filter of Lg, by Theorem 3.15, we 
obtain x € F. So by Theorem 3.15, F' is an (n + 1)-fold By-Smarandache 
implicative filter of Lp. 


Definition 3.21. A Smarandache residuated lattice Dp is called n-fold 
Smarandache implicative B,-residuated lattice if it satisfies (1")* - x = a, 
for each x € B. 


Example 3.22. In Example 3.2, Dg is a 2-fold Smarandache implicative 
Br-residuated lattice and it is not a 1-fold Smarandache implicative Br- 
residuated lattice. Since (a!)* -a=cHa. 


Lemma 3.23. (i) 1-fold Smarandache implicative By -residuated lattices are 
n-fold Smarandache implicative By -residuated lattice. 

(it) n-fold Smarandache implicative By-residuated lattices are (n+1)-fold 
Smarandache implicative By-residuated lattice. 


Proof. (i) Let Lg bea 1-fold Smarandache implicative By-residuated lattice. 
Then z* — x = x for each x € B. By Theorem 2.1 we have (2")* > 4 < 
x* — «x. Hence (2”)* — x < x and so (2")* > x = @, for each x € B. 
Therefore Lp is an n-fold Smarandache implicative By-residuated lattice. 

(ti) Let Lg be an n-fold Smarandache implicative By-residuated lattice. 
Then (x”)* — x = z for each « € B. By Theorem 2.1 we have (x"*!)* > 
xg < (a#")* — x. Hence (2”*1)\* — x < 2 and so (x"t!)* = x = a, for 
each x € B. Therefore Lg is an (n+ 1)-fold Smarandache implicative Br- 
residuated lattice. 


Proposition 3.24. If Lp is an n-fold Smarandache implicative By -residuated 
lattice. Then the following statements are equivalent: 

(i) F is an n-fold By-Smarandache implicative filter. 

(ii) F is a By-Smarandache deductive system. 


Proof. By Theorem 3.14 and Theorem 3.15 (2i7) = (i), the proofs are clear. 
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Proposition 3.25. The following conditions are equivalent: 

(i) Lg is an n-fold Smarandache implicative By-residuated lattice. 

(ii) Every n-fold B,-Smarandache deductive system F of Lp is an n-fold 
B,-Smarandache implicative filter of Lp. 

(itt) (a” = y) > xv =a, forallz,y€ B. 

(iv) {1} is an n-fold By-Smarandache implicative filter. 


Proof. (i) = (it) Follows from Proposition 3.24. 

(ii) = (iv) The proof is easy. 

(iit) = (iv) The proof is obvious. 

(i) => (tii) By hypothesis (7) and Definition 3.21, we have (x")* — x 
for all x € B. So by Theorem 2.1, we have 0 < y then (4” > y) —> a < 
(a”)* + x =a. Therefore (2" — y) > 4v=@. 

(iv) = (2) Let {1} be an n-fold By-Smarandache implicative filter. By 
Theorem 3.15, for all « € B, x V (2”)* = 1. By Theorem 2.1, x V (x")* < 
((a")* — x) > x. Hence ((2")* — x) — x = 1 or equivalently (x”)* 
x. Hence by (Ir4) we have (x")* — x = a, for all x € B. So the proof is 
complete. 


a 


Proposition 3.26. n-fold Smarandache implicative By-residuated lattices 
are n-fold Smarandache positive implicative By,-residuated lattices. 


Proof. Let Dg be an n-fold Smarandache implicative By-residuated lattice. 
Then (2”)* — « = x for each x € B. Hence every By-Smarandache deduc- 
tive system is an n-fold Br-Smarandache implicative filter. So {1} is an n- 
fold Br-Smarandache implicative filter. We know {1} is a By-Smarandache 
filter, hence by Theorem 3.18, {1} is an n-fold By-Smarandache positive 
implicative filter. Since {1} is a Smarandache deductive system, then by 
Theorem 3.6, every deductive system is an n-fold By-Smarandache positive 
implicative filter. Hence by Theorem 3.10, Dg is an n-fold Smarandache 
positive implicative By-residuated lattice. 


In the following example we show that the converse of above proposition 
is not true in general. 


Example 3.27. Consider Lg in Example 3.13(ii). Clearly Dg is an n-fold 
Smarandache positive implicative By-residuated lattices, while it is not an 
n-fold Smarandache implicative By-residuated lattice, since (a")* > a # a. 


Proposition 3.28. Let F be a proper By-Smarandache deductive system of 
Lg. Then the following statements are equivalent: 

(i) F is an n-fold By-Smarandache implicative filter of Lp. 

(ii) Lp/F is an n-fold Smarandache implicative By /p-residuated lattice. 


Proof. (1) = (ii) Let F' be an n-fold By-Smarandache implicative filter of 
Lg. By Proposition 3.25, it is enough show that {1/F'} is an n-fold By/p- 
Smarandache implicative filter of Dg/F. Let ((a/F)")* — a/F € {1/F}, 
for allz/F € B/F. Then ((2")* — z)/F =1/F, so (2")* > 2 € F. Since F 
is an n-fold By-Smarandache implicative filter we get x € F, for all x € B. 
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And so #/F =1/F € {1/F}, for all c/F € B/F, ie. {1/F} is an n-fold 
By/p-Smarandache implicative filter of Lp/F. 

(it) = (i) Let Lp/F be an n-fold Smarandache implicative By; /p-residated 
lattice and (x")* — x € F, for all x € B. We get ((x")* — x)/F =1/F, for 
all «/F € B/F, this implies ((x/F')")* — «/F € {1/F}. Since Lg/F is an 
n-fold Smarandache implicative By-residuated lattice, by Proposition 3.25, 
{1/F} is an n-fold By /p-Smarandache implicative filter of Lg/F. Hence 
x/F € {1/F} or equivalently « € F. Then by Theorem 3.15, F is an n-fold 
By-Smarandache implicative filter of Dp. 
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